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1 Introduction
The problem of quantum Yang-Mills (YM) theory has been extensively discussed for
more than three decades resulting in such breakthroughs as the asymptotic freedom,
the renormalizability proof, the Faddeev-Popov technique, the BRST symmetry, the
Seiberg-Witten theory, duality and others. However, some of the fundamental issues
such as the connement problem and the existences of the mass gap are still not un-
derstood. It is therefore feasible to explore the potential of new approaches in solving
these problems.
A new method of precanonical quantization of elds which is based on a manifestly
covariant (space-time symmetric) version of the Hamiltonian formalism [1{9] has been
proposed recently in our papers [10{14]. It is conceptually dierent from the standard
picture of quantum eld theory as an innite dimensional quantum mechanics. Instead,
precanonical quantization is based on the picture of classical elds as multi-parameter
generalized Hamiltonian systems in the sense that all space-time variables enter on the
equal footing as analogues of the single time variable in Hamiltonian mechanics. This
guarantees the manifest covariance of the formulation. The corresponding (precanonical)
conguration space is a bundle of eld variables over the space-time; the classical eld
congurations are the sections of this bundle. The wave functions of quantum elds, not
functionals, live on this bundle. Quantization of the abovementioned generalized Hamil-
tonian systems representing eld theories leads to a multi-parameter, Cliord-algebraic
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generalization of quantum theory which reduces to the familiar complex Hilbert space
quantum mechanics in the case of (0+1){dimensional space-time whose corresponding
Cliord algebra is the algebra of the complex numbers. The manifest covariance and
the nite dimensionality of the analogue of the conguration space (on which the wave
functions live) are the obvious advantages of the precanonical approach to eld quan-
tization. Unfortunately, many aspects of the relation of this approach to the standard
techniques and notions of quantum eld theory are not explored yet. However, a re-
markable connection between precanonical quantization and the functional Schro¨dinger
representation is already established [15].
In this paper our aim is to consider precanonical quantization of pure YM theory
and to demonstrate its connection with the functional Schro¨dinger representation of
quantum YM theory. As a by-product, the precanonical approach is used to argue the
existence of the mass gap in the pure YM theory.
2 The De Donder-Weyl Hamiltonian formulation of YM theory.
The Lagrangian density of pure Yang-Mills theory is given by
Following the De Donder-Weyl (DW) Hamiltonian formulation [1{6,9] we dene the
polymomenta
The antisymmetrization in the left hand side of the second equation makes the DW
Hamiltonian equations consistent with the primary constraint
3 Precanonical quantization of YM theory
According to the prescriptions of precanonical quantization [10{15] we set
It should be noticed that the DW Hamiltonian operator of YM theory (3) is not
scalar as in the case of the scalar eld theory [10, 3, 12, 15]. It can be decomposed into
two parts:
To see it let us write the covariant Schro¨dinger equation for the simple wave function
assuming  µν = 0. Here we set for simplicity ~κ = 1. From (4) it follows
i@µ 
µ = H0 +Hµ 
µ; (3.1)
i@µ = H
0 µ +Hµ ; (3.2)
i@[µ ν] = H[µ ν]: (3.3)
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If Hµ = 0 and there are no external elds, i.e. @µH = 0, then (8) is the integrability
condition of (7) and the restriction to a simple wave function Ψ =  + νγ
ν is possible.
If Hµ 6= 0 and @µH = 0 the integrability condition of (7) takes the form
H0i@[µ ν] −H[µH0 ν] −H[µHν] = 0;
i.e.
4 A relation with the functional Schro¨dinger representation
In this section we explore how the seemingly unusual precanonical quantization of YM
theory is related to the familiar canonical quantization in the functional Schro¨dinger
representation.
4.1 Canonical quantization of pure YM theory. A reminder.
Let us briefly recall the functional Schro¨dinger representation of the YM theory in the
temporal gauge Aa0(x) = 0 [16{21]. The canonical momenta are given by
The canonical momenta are represented (in the A-representation) by the operators
The necessity for regularization arises here because of the second variational deriva-






0) = (x− x0):
Therefore, the regularized functional Laplacian in (4) takes the form
In addition to the Schro¨dinger equation the wave functional fullls the Gauss law
constraint on the physical states:
4.2 The derivation of the functional Schro¨dinger representation from the
precanonical approach
It is denitely of interest to understand how the functional Schro¨dinger representation
of quantum YM theory can be related with precanonical quantization. In what follows
we will show that the functional dierential Schro¨dinger equation can be derived from
the covariant Schro¨dinger equation of the precanonical approach. The relation of this
kind has been studied in the case of scalar eld theory in [15]. Its extension to the pure
YM elds in the temporal gauge is presented below.
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The basic idea is that the Schro¨dinger wave functional Ψ([A(x)]; t) which represents
the probability amplitude of simultaneously observing the eld configuration A = A(x)
at the moment of time t can be seen as a joint probability amplitude of simultaneously
observing the respective values A(x) at the spatial points x (at the moment of time t).
Those amplitudes are given by the wave function Ψ(A;x; t) restricted to the Cauchy
surface : (Aaµ = A
a
µ(x); t = const). Using the result of [15], in the temporal gauge
Aa0(x) = 0 the corresponding composed amplitude is written as
Let us show that using the Ansatz (4.7) we can derive the familiar functional dier-
ential Schro¨dinger equation of the YM theory from the covariant Schro¨dinger equation
(3.4). For this aid let us nd the Schro¨dinger-type equation fullled by the functional
amplitude (7) taking into account the covariant Schro¨dinger equation obeyed by Ψ.





















































The singularity n−1(0) (n is the space-time dimension) arises from the second functional




1=n−1 if jx− x0j  ;
0 if jx− x0j > 
amounts to the replacement of (0) with the momentum space cuto 1=. The latter has
its counterpart in precanonical quantization as the constant κ which has the meaning
of 1=n−1. Under the regularization n−1(0) ! κ we obtain
Now, let us substitute into (8) the expression of i@tΨΣ which one obtains from
the wave equation on the restricted wave function ΨΣ. The letter is derived from the




















is the total spatial derivative, and




ΨΣ, and using (11), (13) we obtain
In order to understand the relation of the matrix Hamiltonian jjĤjj with the Schro¨dinger
picture Hamiltonian (4) let us consider a unitary transformation of jjĤjj
The condition that the transformed Hamiltonian Ĥ0 contains no terms with the rst
order functional derivatives is
Therefore, with the aid of the unitary transformation (16), where N is a solution
of (18), the matrix-valued Hamiltonian jjĤjj is transformed to the Schro¨dinger picture
Hamiltonian operator of the YM theory:
Now, let recall that by dropping out Aa0 in (4.12) we actually lost the information
of the  = 0 component of the DW Hamiltonian equations (2.5), which is the Gauss
law. In order to restore it we have to require that ΨS is invariant under the gauge
transformations of Aai (x). As we have already noticed, this automatically leads to the
Gauss law constraint (4.6).
Thus, the total set of equations of the functional Schro¨dinger representation of pure
YM theory in the temporal gauge is derived from the precanonical approach.
Let us note that eq. (18) is formal because the second functional dierentiation
in (15) is formal and requires regularization. A regulator function K(x;x
0) will ap-
pear then in the right hand side of (18) as
∫
dx0K(x;x0) N=A(x0), thus making the
transformation operator N explicitly depending on the regulator. In the unregularized
case K(x;x
0) = (x − x0) there are no solutions to (18) in the class of single-valued
functionals of one argument Aai (x).
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5 On the spectrum of pure YM theory
The spectrum of the DW Hamiltonian (3.3) is not easy to analyze because of the matrix
interaction term CA 6A@A. In this section we show that there exists a unitary transfor-
mation of Ĥ:
1In [15] this issue was formally treated in the case of scalar eld theory by resorting to the solution
for N in terms of a functional of two arguments. The present treatment which recalls the necessity of
regularization seems to be more satisfactory.
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CA 6A)@A(iN)eiNˆ − e−iNˆ( ig~κ
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CA 6A)eiNˆ@A: (5.1)
If we wish to transform away the @A terms from the DW Hamiltonian, the operator N^
has to fulll the equation
Note, however, that the right hand side of (3) is not a gradient. Therefore, the
solution of (3) should be understood as a functional:
In the temporal gauge Aa0 = 0 the transformed DW Hamiltonian assumes the form
It is interesting to note that the Hamiltonian Ĥ 0 admits a factorization
In conclusion, let us note that the precanonical framework seems to represent a
mathematically better dened foundation of eld quantization than canonical or path
integral quantization which involve not rigorously dened mathematical notions and
require arbitrary regularizations. We have essentially demonstrated that the (unregu-
larized) functional Schro¨dinger representation resulting from canonical quantization is
a singular limit κ ! n−1(0) of precanonical quantization.
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